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A STOCHASTIC MESOSCALE MODEL OF TRANSIENTLY
NETWORKED FLUIDS
LIN ZHOU
Department of Mathematics, New York City College of Technology, CUNY
L.PAMELA COOK
Department of Mathematical Sciences, University of Delaware
Abstract. Macroscale models of physically networked fluids suffer from the inability to
connect directly to mesoscale processes due to nonlinearity and thus the need for closure
approximations. In this paper physically networked complex fluids are modeled stochas-
tically at the mesoscale, thus avoiding the need for closure assumptions. In the modeling
and simulations the network consists of linear chains of Hookean bead-spring dumbbells.
The linear chains break and reform stochastically subject to prescribed local attractive
potentials. In the simulations the topology of the network is tracked allowing for quan-
tification of the distribution of chain lengths and of individual dumbbell stretch. This
formulation allows for breakage and recombination associated with local stress. Model
predictions of the distributions of chain lengths and of dumbbell stretch both in equilib-
rium and in steady shearing are presented. As well, shear thickening and shear thinning
regimes in steady shearing and relaxation after step strain are examined.
1. Introduction
Many complex fluids consist of a network of “chains” at the mesoscale. The network
connections may be permanent or transient (as entanglements in entangled polymers, tem-
porary connections of telechelic polymers, or as in the breaking and reforming micellar
worms in surfactant solutions). The macroscale properties of these fluids depend not only
on the macroscale environment such as temperature and concentration, but also on local
(at the mesoscale) properties such as stretch and orientation of chain elements, local flow
deformation and local concentration of surfactant and salt, all of which may vary due to
demixing and flow inhomogeneities. These local properties may affect the local attractive
force of a chain end in physically associating networks and, in the case of wormlike micelles,
the energy needed to create new endcaps. The connections, entanglements, or crosslinks
cause the fluid to evidence elastic properties; if the connections, entanglements or crosslinks
are temporary the fluid may evidence elastic properties on a fast (short) time scale but
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solely viscous fluid properties on a slow (long) time scale. In these fluids local changes at
the mesocale can have global effects at the macroscale.
Wormlike micelles are a particular type of transiently networked fluids. In a watery
solvent the amphiphilic surfactant molecules self-assemble to protect their tails from the
water. Under certain conditions the resultant “structure” is a self-assembled long floppy
worm in which the heads (hydrophilic) form the outer shell of the cylindrical structure, and
the tails (hydrophobic) are “hidden” inside [1, 2]. These worms continuously break and
reform in addition to, similar to long polymer strands, entangling. In flow, the breakage
rate appears to be enhanced from that at equilibrium which is thought to be due to the lo-
cal stretch of the worms which, when stretched, carry more stress. Experiments show that
in shear rate controlled flow conditions the breakage/reforming and the entanglement can
lead to shear banding [3, 4, 5]. The resultant shear bands are thought to consist of regions
of high shear rate in which primarily only short (broken) aligned worms exist and regions
of low shear rate in which a roughly equilibrium distribution of short and long worms exist.
The shear banding is believed to be a consequence of an instability (a nonmonotonicity) in
the rheometric flow curve (stress versus shear-rate at a controlled shear rate). This same
nonmonotonicity is seen in surfactant-telechelic networked systems [6].
The inhomogeneous flow of wormlike micellar solutions has been investigated using
macroscopic models. Examples include the two species breaking and reforming VCM model
[7, 8, 9] which has predicted good agreement with experimental results for CPyCl in NaSal
in both shear and extensional flows and the GCB model [10]. Both models incorporate the
kinetics of the worms, the breakage and reforming, in a simplified discrete (two species)
way. The GCB model, a thermodynamically consistent variant of the VCM model, has the
advantage that breakage/reforming rates are determined solely by the stress, whereas the
VCM model breakage rates are determined by both the stress and the shear rate. Other
models include the single species phenomenological Johnson-Segalman model [11] which
predicts shear banding in steady shearing flow, but predictions of which do not agree with
experimental results under step strain nor under extension; and the Giesekus model which
is a Maxwell model with the addition that it allows for the friction coefficient to depend
on the polymer or worm orientation through the macroscale stress [12, 13]. In any of these
models, even though derived from a mesoscale framework, it is difficult to ascertain how
the models should be generalized to cover changes in type of surfactant, concentration,
salinity, or temperature of the mixture. In addition to the demixing/shearbanding proper-
ties evidenced by wormlike micellar solutions at the macroscale, experiments show that as
conditions change (concentration, salinity, temperature) the relaxation after a small step
strain can be much slower (power-law or stretched exponential) [14] than the typical ex-
ponential decay evidenced by the VCM and GCB models which are nonlinear two mode
variants of the upper convected Maxwell model and hence show exponential relaxation in
linear theory, small step strain. Similar stretched exponential relaxation has been observed
in surfactant-telechelic systems [6, 15]. Closer investigations and a broader understanding
of what the energy functionals and parameter regimes are that lead to this slow relaxation
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are needed. For these reasons we re-explore the modeling from the mesoscopic level, and
look for direct, not ensemble or spatially averaged, stochastic mesoscopic models and sim-
ulations that may have the ability to cover the behavior of the networked mixtures under
a range of concentration, temperature, and salt variations.
Direct mesoscale stochastic models of wormlike micellar solutions have been formulated
and simulated in the linear regime including both reptative and breakage effects by [16]
and more recently with added mode mechanisms in [17]. In [17] the theory of [16] was ex-
tended to consider more physics including the effects of chain length fluctuations (CLFs),
constraint release (CR), Rouse modes, and semi-flexibility (bending modes). The authors
were able to transfer their time domain results to the high frequency domain thus allowing
for comparison with data over the full frequency range. While this is a highly detailed and
valuable study, it is limited to the linear response regime. [18, 19] proposed an extension
of [16] to the nonlinear regime in the form of an integral model driven by shear induced
tube alignment. The goal in this paper is to consider a tractable nonlinear model in which
the stress dependence of the breakage/reforming drives the model. Initially we do not
consider the full range of physics as in [17], but we do consider variations in the functional
dependence of the local breakage/reforming rates. The mesoscale models considered in
this paper are closer to the macroscale GCB model than the VCM model because in the
latter model the breakage rate depended both on the averaged stress and on the shear rate,
whereas in this work the breakage/reforming depends only on the local stress.
Stochastic mesoscale two mode transient elastic network models have been formulated
and simulated primarily in the context of associating polymers [20, 21, 22]. In [20] the
spatial location of each bead was tracked as well as its connections to other beads so that
a physical network was realized. In [21] bead connections were not tracked. Rather, beads
were determined stochastically to be in one of two states, either attached or detached with
attached beads being identified by having a high friction coefficient, the detached beads
a comparatively low friction coefficient in the equations of motion. The high friction co-
efficient was intended to simulate the effect of the impeded motion due to the network
attachments. The stochastic breakage process was formulated assuming an attractive par-
abolic potential well for a junction, which means the resultant breakage depended on the
spring stretch, that is the local stress. The recombination rate was assumed to increase lin-
early with the spring stretch. Both Hookean and FENE dumbbells were considered in that
work. In [22] the analysis was extended to consider bead-spring chains of a fixed number of
beads. As before each bead was labelled via a stochastic rule as either attached (to a bead
of another chain) or detached and given a corresponding high or low friction coefficient
in the equation of motion. Other authors have considered ensemble averaged mesoscale
and macroscale models in which two distinct species are identified, one in which dumbbells
have both beads attached to the network, the other in which dumbbells have one free bead
[23, 24]. In [24] the ensemble averaged and macroscale breakage rates were derived from
a mesoscale detachment involving an energy balance. In [23, 24] beads were assumed to
attach at a rate that increased linearly with chain stretch and attached beads were assumed
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to move affinely, thus an extreme of [21] in which the friction of the attached bead is infinite.
In this paper the “worm” is modeled directly as connected bead-spring dumbbell units
as in [20], and the full topology of the system, that is the spatial location of each bead and
spring, and the spatial extension and connections of each spring/dumbbell are tracked. In
the model, dumbbell units are connected through sticky nodes [20] to form long chains
and the chains break at a node position if a sticky node dies. Different from [20], in which
the breakage and reforming parameters remain constant, in our work we consider various
situations including that the network breakage and reforming have local dependence on
stress such that highly elongated connecting strands which carry enhanced stress are more
apt to detach and less apt to attach. The model resembles a polydisperse ensemble of
Rouse chains with an additional relaxation mechanism due to the continual breakage and
reforming of the chains. This modeling approach avoids the need for averaging assump-
tions in order to obtain closure at the macroscale level, avoids having local breakage rates
depend on a spatial average of end to end stretch as in the macroscale models, and allows
us to track the chain lengths. Using this mesoscale model has some drawbacks, for example
the persistence length (stiffness) of the worm segments is not considered and reptation is
lumped into a spring stiffness. However, this modeling effort does elucidate the impact
of breakage and reforming from the mesoscale to the macroscale and allows us to track
the worm topology, a first step in understanding the mesoscale effects on the macroscale
dynamics.
The paper is organized in 8 sections. Section 1 is the introduction. In Sections 2 and 3
we introduce relevant background material and our model development. In Section 4, we
briefly describe the numerical scheme and the parameters used in the simulations. Sections
5, 6 and 7 each present and discuss the results of the model simulation in equilibrium, step
strain and shear rate controlled flow, respectively. Section 8 concludes the paper.
2. Background
Modeling of complex fluids often begins at a “coarse-grained” level, for example polymer
or wormlike micellar mixtures are often modeled using bead-spring dumbbells as an ap-
proximation to a full flexible chain. In the Rouse model, Hookean bead-spring dumbbells
are connected so that Nd dumbbells constitute a chain. In these bead-spring models, the
starting point is the Langevin equation which describes the force balance on the beads in
the solvent incorporating viscous drag, the (Hookean) elastic spring force and the Brownian
force. When the bead of a dumbbell is assumed inertialess, the dimensionless Langevin
equation for the position of the ith bead of a single dumbbell at time t+∆t is given as [25]:
(1) ri(t+ ∆t) = ri(t) + (v0 + κ · ri(t))∆t+ 1
4
Qij∆t+ ∆w.
Here i, j = 1, 2 and i 6= j. In the equation, time is nondimensionalized by the relaxation
time of a single dumbbell λ = ζ/4H, with ζ being the hydrodynamic drag coefficient and
H being the (Hookean) spring constant; length is scaled by
√
kT/H, the length of a free
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dumbbell in equilibrium, in which k is the Boltzmann constant and T the temperature.
v0+κ·r is the imposed homogeneous shear flow field at the bead position r and κ = (∇v)t,
the transpose of the velocity gradient. The stochastic increment ∆w follows a Gaussian
distribution with zero mean and dimensionless variance σ2 = ∆t/2 (a Wiener process).
Here Qij = rj − ri.
For this linear equation/process it is known [26, 25] that the ensemble motion is governed
by the mean field, the Fokker-Planck equation for the distribution of the number density
of dumbbells ψ in configuration space Q, the connector vectors of the dumbbells, namely:
(2) ψ,t(Q, t) = −{∇Q · (κ ·Q− 1
2
∇Q lnψ − 1
2
Q)ψ}.
The macroscopic stress σ is the second moment of ψ [26], σ =
∫
QQψ(Q, t)dQ. For this
linear model the integrations can be carried out explicitly to give:
(3) σ(1) + σ − I = 0,
which is the upper convected Maxwell (UCM) model with the upper convected derivative
given by σ(1) = σ,t − (∇v)t · σ − σ ·∇v.
Thus to “solve” the problem and find the resultant stress of the system one can either
simulate the bead motions at the mesoscale (thus tracking each dumbbell using equation
(1)), then add the dyadic product of the connector vectors to get the macroscopic stress,
σ =
∑
QiQj/Nt in which Nt is the total number of dumbbells; or solve the Fokker-Planck
partial differential equation (2) in configuration space, then take the second moment; or
solve the (quasi-linear) upper convected Maxwell equation (3) directly, all with appropri-
ate initial and boundary conditions. Similar solution choices hold for a Rouse chain of Nd
dumbbells [25]. However, the occurrence of nonlinearities in the model: nonlinear spring
force and nonlinear breakage or reforming of chains; possible non Gaussian stochastic pro-
cesses; aging; and/or inhomogeneities in the flow field complicate or make these equivalent
options impossible.
3. Model Development
We follow the paper of [20] by considering a connected network of dumbbells and sticky
nodes in which the topology of the network is tracked during the simulation. Fig. 1 shows
a schematic diagram of the simulation. Every strand is modeled as a linear elastic bead-
spring dumbbell. A bead of one dumbbell can attach to beads of other dumbbells through
sticky nodes. A node with attached beads is a junction. A sticky node may have up to f
beads attached to it, but each bead can stick to only one node. Here f is defined as the
functionality of the node. In the simulations in this paper we will consider the case when
the functionality of the node is 2, that is, f = 2.
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Beads
Junction
f=3
f=2Sticky Node
Figure 1. Schematic of a transient network showing the sticky nodes (in red)
and junctions of functionality f being 2 and 3.
Following the same model formulation as [20], the position of each inertialess bead at
time t+ ∆t is updated through the following dimensionless equation:
(4) r(t+ ∆t) = r(t) + (v0 + κ · r(t))∆t+ 1
4
Q∆t+ ∆w.
Here, as in (1), the length is scaled by the equilibrium length of a free dumbbell,
√
kT/H,
time by the relaxation time of a single dumbbell, ζ/4H. To describe the motion of a junc-
tion, the same equation as (4) is used except that the forces are the sum of the forces on
each bead connected to the junction divided by the total number of beads of the junction.
Nodes which have no beads attached jump randomly at each time step in space.
Since each node can connect up to 2 beads, this process allows linear chains containing
varying numbers of dumbbells to be formed. The breakage and reforming of chains are
controlled by the sticky nodes. When a node dies, the junction it forms vanishes, and the
node reappears as a free node at a randomly determined location. If the mean lifetime
of a node is τ , then 1/τ is the mean death rate. Following the Poisson distribution, the
probability that a node does not die in the time interval ∆t is e−∆t/τ , so the probability of
breakage of a junction in each time step is 1 − e−∆t/τ [20]. For the attachment of a node
and a bead we assume that, if a bead is within a prescribed distance d of a node which has
a vacancy, the bead attaches to the node [20]. Here d is the capture radius.
Our first simulations are carried out with the mean node lifetime τ and the capture
radius d being constant, similar to [20]. In our later simulations the node lifetimes τ and
the capture radius d will depend on the local stretch. Two scenarios are considered for this
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local stress dependent attachment/detachment process.
In the first scenario the beads attached to a node are considered to be residing in an
attractive parabolic potential well as in [21, 22]. In dimensionless variables the attractive
potential is give by U = −U0(1− r
2
d20
) for r < d0 and U = 0 otherwise. Here U0 is the depth
of the potential well and d0 is the width. The bead is able to free itself from the node
if either the node dies through thermal variations, or if the force exerted on the attached
bead by its spring exceeds the attractive force of the node. That balance occurs when
Q =
dU
dr
where Q = (Q ·Q)1/2. Solving that relationship for r, then substituting that
value back into the potential gives U = −U0(1− d
2
0Q
2
4U20
). The mean node lifetime is then
(5) τ ∝ e−U ∝ eU0e−U0(
d0Q
2U0
)2
= τ0(U0)e
−U0( d0Q2U0 )
2
where τ0(U0) is the lifetime of the node if there is no dependence on Q.
Similarly, the attachment of a bead to a node depends on the distance between the bead
and the node as well as on the balance of the node attractive force and the spring force on
the bead. Just as the force exerted by the stretched spring may support the detachment
process it may also impede the capture/attachment process. A bead can attach to the node
only if it is within a distance d0 of the node and also the spring force is not strong enough
to counteract the maximum attractive force of the node. Balancing the spring force of
the bead and the maximum attractive force, the attachment can occur when the distance
of the bead to the node is less than min(d0, dF (Q)), where dF (Q) = 2U0/Q, that is, the
capture radius is:
(6) d = min(d0, dF (Q)) = min
(
d0,
2U0
Q
)
.
In the second scenario detachment occurs if the retractive energy of the bead’s spring∫ Q−d0
Q QdQ is greater than or equal to the (constant) attractive energy of the node U0 as
in [24]. In this case the mean lifetime of the node, τ , is proportional to eU0+
∫Q−d0
Q QdQ, or
(7) τ ∝ eU0e−d0Q+
d20
2 = τ0(U0)e
−d0Q+ d
2
0
2 .
Similarly, for attachment to occur the bead must be within a distance d0 of the node and
the node attractive energy must be strong enough to stretch the spring, that is, U0 ≥∫ Q+d0
Q QdQ. Thus for attachment the distance of the bead from the node must be less
than or equal to min(d0, dP (Q)) where dP = −Q+
√
Q2 + 2U0, that is, the capture radius
is:
(8) d = min(d0, dP (Q)) = min(d0,−Q+
√
Q2 + 2U0).
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In the above two scenarios both the breakage and the reforming are consistent with the
kinetics as opposed to an ad hoc reforming assumption as in previous works [21, 22, 24].
4. Numerical Scheme
The simulations are carried out in a box of dimensions of 20 by 5 by 5 (in
√
kT/H units)
as in [20], with 2,000 dumbbells and 1,000 or 2,000 sticky nodes. In the case of 2,000 nodes,
there are an average of 4 dumbbells per unit cube, and 2 beads for each node. In the case of
1,000 nodes there are an average of 4 beads for each node. Since each node is only allowed
to attract two beads, at this node level there are a number of beads left unattached. The
number of sticky nodes affects the degree of networking. With 2,000 nodes the dumbbells
can form one single long linear chain of all dumbbells, while for 1,000 nodes the maximum
length chain would utilize only half the dumbbells.
Initially, nodes and dumbbells are generated at random positions from a linear distri-
bution in each direction. Nodes and beads are numbered. The positions of the nodes and
beads and their connection information are recorded at each time step, so the topology of
the network is tracked. At each time step, we investigate the nodes one by one in the nu-
merical order. If a node dies, it releases all the beads that are connected to it and the node
is reborn in a location determined randomly. The released beads move to a new position
following the governing equations. If a node is still alive, then it (together with its attached
beads) moves to a new position following the governing equations. We then investigate if
there are any beads within the capture radius of the node. If so, then that bead attaches
to the node from the closest first, up to the capacity of the node. At each time step, the
remaining beads move to a new position determined by the governing equations. Periodic
boundary conditions are used in all three (x, y, z) spatial directions in equilibrium. When
the system is subjected to shearing flow, Lees-Edwards boundary conditions [27] are used
in the flow direction. In the simulations, a typical time step is 0.01 [20]. At equilibrium,
for the range of parameters studied in this paper, the stress matrix σ is the identity.
The nondimensionalized models involve several parameters: the number of nodes N , the
capture radius d, and the mean node lifetime τ . When breakage and reforming are inde-
pendent of the stretch of dumbbells, τ and d are constant. When breakage and reforming
are dependent on the stretch of dumbbells, there are two one more parameters U0 and d0.
In this case, τ and d both depend on U0 and d0 with the functional forms provided in Eqs.
(5)-(8) for the two different scenarios. In selecting constant values for these parameters we
follow the work of [20, 21]: N = 1000 or 2000; U0 varies from 10 to 12; d0 = 0.175 or 0.3;
when τ and d are constant, τ = 0.25 ∼ 10 and d = 0.175, 0.3.
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5. Equilibrium Results
Initially all dumbbells and nodes are free (not connected). Then, the system is allowed
to equilibrate. The shear stress and normal stresses as functions of time, as well as the
distribution of dumbbell end to end distance Q at both the initial and equilibrated status
are shown in Fig. 2 and 3 for two different sets of constant parameters: the mean lifetime
of the nodes τ , the capture radius d, and the number of nodes N . In Fig. 2, τ = 1,
d = 0.175 and N = 1, 000; in Fig. 3, τ = 10, d = 0.3 and N = 2, 000. In both figures, the
time evolution of the stresses indicates that the shear stress equilibrates faster than the
normal stresses, and the normal stress in the larger direction of the simulation box (the
flow direction x) takes longer time to equilibrate than those in the two shorter directions.
The reason for this is that the bead locations are initially distributed randomly in the box.
If the dimension is larger in one direction, then beads are spaced further apart initially
(which means higher stretches Q) in that direction. Hence, it takes a longer time for the
system to relax in that direction. Comparing the two figures, the time for the normal
stresses to equilibrate increases as τ , d and N increase. In Fig. 2 and Fig. 3, the initial
distribution of the magnitude of the stretch of each dumbbell Q is highly spread. After
equilibration, the distribution of Q follows the equilibrium stretch distribution of single
dumbbell mixtures
4piQ2
(2pi)3/2
exp
(
−Q
2
2
)
[26].
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Figure 2. The left figure shows the evolution of normal and shear stresses as
the system equilibrates. After equilibration, normal stresses equal 1 and the shear
stress is 0. The top right figure shows the distribution of the magnitude of the
stretch of each dumbbell Q in initially prescribed status. The bottom right figure
shows the same Q after the equilibration. The blue solid line in the bottom right
figure represents the function
4piQ2
(2pi)3/2
exp
(
−Q
2
2
)
. In the figure the parameters
are τ = 1, d = 0.175, N = 1, 000.
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Figure 3. The left figure shows the evolution of normal and shear stresses as
the system equilibrates. The right figures show the distribution of the magnitude
of the stretch of each dumbbell Q in initially prescribed status (top) and after the
equilibration (bottom). The parameters are τ = 10, d = 0.3, N = 2, 000.
Cates, in a model of continuous breakage and reforming of wormlike micelles, the break-
age with equal probability at any point along the length of the worm, constructed an
ordinary differential equation in time governing the number density of worms of a given
length N (L) [16]. Cates showed that the equilibrium distribution of lengths was exponen-
tial, N (L) ∼ e−L/L¯, where L¯ is the mean length of the chains of the mixture [16]. In our
simulation, because we track the topology of the network, we can count the number L of
dumbbell units per chain in equilibrium and verify Cate’s theory for our discrete version.
Fig. 4 shows the number density of chains containing L dumbbells at equilibrium in the
simulation (discrete symbols in the figure) for various parameter values and their exponen-
tial fittings (solid lines in the figure) by the least square method. In all cases, in agreement
with Cates’ results, the number density of chains with length L, N (L), shows exponential
dependence. In the right figure of Fig. 4, for the higher mean node lifetimes, the length
distribution becomes fairly flat, hence the curves are plotted in semi-log coordinates in the
inset for a clearer presentation to show the exponential dependence.
Fig. 4(left) exhibits the number density functions for N = 1, 000, d = 0.175 and various
values of τ . Fig. 4(right) shows the same functions for N = 2, 000, d = 0.3 and several
values of τ . The figures show that the distribution is dependent on the value of the mean
lifetime τ with the distribution flattening (more longer chains, that is larger L¯) for larger
τ , and highly dependent on the value of N , the number of nodes. For N = 1, 000, the
fitted mean length for all cases shown is close to 1. For N = 2, 000 and τ = 10 the dis-
tribution is fairly flat with a much longer fitted mean length, close to 10. The chains are
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Figure 4. Number density of chains of L connected dumbbell units at equilib-
rium. Left: the parameters of the curves are d = 0.175, N = 1, 000 and τ=0.5, 1,
2, 10. Right: the parameters are d = 0.3, N = 2, 000 and τ = 0.5, 5, 10. The inset
of the right figure is a semi-log plot.
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100
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Figure 5. The discrete mean chain length as a function of mean node lifetime τ
for two cases: N = 1000, d = 0.175, and N = 2000, d = 0.3.
composed of many more dumbbell units, on average, for larger N . An increase in N , the
number of nodes in the simulation, effectively is an increase in the allowed connectivity of
the network. It is important to realize that our model is discrete with the smallest length
unit being L = 1 so that while we did fit our results of the distribution of L to continuous
(exponential) curves in Fig. 4, the discrete mean length of the chains differs from that for
the continuous assumption. The discrete mean length of the chain, L¯discrete, is defined as
12 A STOCHASTIC MESOSCALE MODEL OF TRANSIENTLY NETWORKED FLUIDS
the ratio of the total number of dumbbells to the total number of chains formed in the
system. The dependence of the discrete mean chain length L¯discrete on τ in Fig. 4 is sum-
marized in Fig. 5. When N = 1000, the maximum main chain length is 2, no matter what
the configuration, so L¯discrete approaches 2 as τ increases. When N = 2000, the maximum
mean chain length can be 2000, thus allowing L¯discrete to continue increasing as τ increases.
The figure shows that this dependence is L¯discrete ∼ τ1/3.
6. Relaxation after step strain
To investigate network relaxation dynamics we consider the behavior of the model after
the imposition of a step strain. A shear rate of 100 is imposed over one time step ∆t = 0.01,
a net strain of 1. Thereafter the shear rate reverts to zero and the shear stress relaxation
dynamics are tracked. In the following figures (Figs. 6, 7, 8), curves shown are an average
of 10 simulations. The results in the section are for constant mean node lifetime τ and
constant capture radius d.
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Figure 6. The left figure shows the step strain relaxation curves for different
node numbers N , with d = 0.3 and τ = 0.5. The right figures are the stress
relaxation in time with the contribution from each of the chains of L = 1, 2, 3 and
4 dumbbells reported individually.
Fig. 6 shows the shear stress relaxation for the number of nodes N = 1, 000 and 2,000 for
a capture radius d = 0.3 and a mean node lifetime τ = 0.5. For this short mean node life-
time, breakage dominates the relaxation process and both relaxations are exponential. The
relaxation time of the network, λnw, is λnw = 1.28 and 1.67 respectively for the N = 1, 000
and N = 2, 000 cases. To investigate the contribution to the total relaxation from each
length group, we checked the relaxation behavior of chains of L = 1, 2, 3, and 4 respectively
and plotted them on the right figure of Fig. 6. Contributions from even longer chains are
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Figure 7. Step strain relaxation for node number N = 1, 000 (left) and node
number N = 2, 000 (right) with various mean node lifetimes τ = 0.25, 0.5, 1 and
d = 0.3. The insets of each figure represent the relaxation time as a function of
the mean length (L¯discrete)
1/2 of the system. The dashed line in the inset of the
left figure has slope 1, and the dashed line in the inset of the right figure has slope
0.9.
not presented here. Note that each group shows the same relaxation behavior (relaxation
time) as the system. Note that as the number of nodes increases, the relaxation time of
the network as well as the chains of a given length increases. The relaxation of the system
is the sum of the relaxations of different length groups each with the same exponential
function.
Fig. 7 shows the relaxation after step strain for the number of nodes N = 1, 000 (left) and
N = 2, 000 (right) for three different mean node lifetimes τ = 0.25, 0.5, 1. These mean node
lifetimes are all shorter than or equal to the relaxation time of a single dumbbell (which is
1 in this scaling). In this range the relaxation dynamics are all single exponential e−t/λnw
with relaxation times λnw increasing as τ increases. Notably, as anticipated, as τ goes to 0
the relaxation time approaches 1. The insets in Fig. 7 show that for these short mean node
lifetimes the relaxation time of the ensemble is roughly a linear function of the square root
of the mean length of the ensemble (L¯discrete)
1/2, that is, λnw = a(N)(L¯discrete)
1/2 where
the linear coefficient a(N) =1 or 0.9 for N = 1, 000 or 2,000, respectively.
Fig. 8 shows the step strain relaxation for a larger mean node lifetime namely τ = 5, for
the same values of d and N as in Fig. 6. For this larger constant mean node lifetime the
relaxation is no longer single exponential but instead shows exponential behavior at short
times and is best fit with a stretched exponential for larger times (t > 1). For N = 1, 000
the contribution to the stress from the shorter chains, L = 1, 2, 3 and 4 is plotted on the
right of Fig. 8. For this mean node lifetime and N = 1, 000 the relaxation of each length
chain group is single exponential, the relaxation times for L = 1, 2, 3, 4 are, respectively,
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Figure 8. The left figure shows step strain relaxation for τ = 5, d = 0.3 and
N = 1, 000 or 2, 000, respectively. The inset is the blow up of the behavior up to
t = 1. The right figure shows the contribution of the stresses from each species of
lengths L = 1, 2, 3, or 4 for the N = 1, 000 case.
1, 1.43, 1.43 and 1.43. Note that breakage and reforming is occurring at each time step.
That is a chain of L dumbbells may break at one of its nodes becoming two chains of lesser
L, or may join with another chain to form a chain of more than L dumbbells so that the
tagged members of an ensemble of length L change at each time step. For an even longer
mean node lifetimes namely τ = 10, and the same number of nodes N = 1, 000 (results not
shown), the relaxation times of the chains for L = 1, 2, 3, 4 are respectively 1, 1.43, 1.43, 2.
Thus the relaxation time for longer chains increases (for each mean node lifetime) as one
would expect. Note that a two mode exponential is not a good fit to the curve in Fig. 8
(left) indicating that chains with L > 4 (we have only shown up to 4 in Fig 8 (right)) have
even longer ensemble relaxation times.
7. Steady shear flow: shear thinning/thickening
The discussions up to now have assumed equilibrium, or close to equilibrium (small
amplitude, linear) conditions. In this section we consider larger amplitude deformations,
in particular steady shear-rate controlled flow. Four cases are considered in this section:
• In Case I, the mean node lifetime τ and the capture radius d are both constant, the
case which is discussed in equilibrium and step strain in the previous two sections.
• In Case II, the mean lifetime of a node τ is governed by the force balance between
the attractive node and the connected bead-springs (see Equation (5)), while the
capture radius d remains constant.
• In Case III, both the mean lifetime τ and the capture radius d depend on the
attached chain stretch through the forces as in the first scenario in Section 3 (see
Equations (5) and (6)).
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• Case IV corresponds to the second scenario in Section 3 in which the mean lifetime
τ and the capture radius d are governed by the energy balance (see Equations (7)
and (8)).
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Figure 9. The left figure shows the viscosity as a function of the shear rate for
Case I. In the simulation, the lifetime τ is a constant. The attractive distance
d = 0.3. The right figure shows the zero shear rate viscosity as a function of
discrete mean chain length. The discrete mean chain length is related to τ (see
Fig. 5). In both figures, N = 2, 000.
Fig. 9 (left) shows the viscosity as a function of shear rate for constant mean node
lifetimes of τ = 1 and 10 for N = 2000 and for a constant capture radius d = 0.3, that
is, the result of Case I. The viscosity is constant except between shear rates of roughly 1
and 30 where there is shear thickening. As the papers [20, 21, 23] point out the algorithm
in [20] allows for shear thickening behavior because under that algorithm the bead on a
stretched chain has an enhanced chance of recombining since as the chain relaxes the bead
covers more territory than a bead on a lesser stretched chain. In [21, 22, 23] the equivalent,
since they do not track the topology of the network, is to model the attachment rate of
their unattached chains as proportional to the stretch of the dumbbell, in particular the
attachment rate is taken to be α0 + α1Q. Note, that for larger τ , the zero shear rate
viscosity is larger. Figure 9 (right) shows the zero shear rate viscosity as a function of the
discrete mean chain length L¯discrete (which is related to the node lifetime as in Fig. 5).
The figure shows that this dependence is linear.
In Case II, the capture radius remains constant, but the breakage rate is subjected to
the potential well (force) breakage (see Equation (5)). Fig. 10 (left) compares the viscosity
as a function of shear rate for Case I and Case II when τ = τ0(U0) = 10. The curves for
the stretch dependent breakage show pronounced shear thinning before the onset of shear
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Figure 10. Left figure: Comparison of viscosities of Case I and Case II as
functions of shear rates. In Case I, τ = 10, d = 0.3; in Case II, d remains as a
constant 0.3, but τ follows Equation (5) and U0 = 10, τ0(U0) = 10. Right figure:
Comparison of viscosities of Case I, Case III (force balance scenario), and Case
IV (energy balance scenario) as functions of shear rates. Case I has the same
parameter as in the left figure. In Case III and IV, U0 = 10, τ0(U0) = 10 and
d0 = 0.3.
thickening. This shear thinning is anticipated since the mean node lifetime (the inverse
of the breakage rate) decreases as the chain stretch increases. Shear thickening takes over
after the thinning, beginning at shear rates 30. This shear thickening is due to the constant
capture radius d as explained in the previous paragraph. To clarify that the shear thick-
ening is dependent on the reforming kinetics, we plot the viscosity as a function of shear
rate for Case III and Case IV in Fig. 10 (right). The red diamond curve (Case III) has
the same breakage rate as the red triangle curve in the left figure, but the capture radius
d in Case III is consistently set to be min(d0, dF (Q)). The shear thickening that appears
in the left figure for Case II is no longer present.
For Case IV (Fig. 10 right), in which the breakage rate and recombination depend on
Q with the functional forms derived from the energy balance, the mixture also exhibits
the shear thinning as the shear rate increases, however, the decrease of viscosity occurs
at a smaller shear rate than for the force balance curve (Case III). The latter exhibits a
plateau for shear rates less than 1, and the shear thinning doesn’t take over until shear
rate is roughly 1. This is because in the force balance case, τ decreases as Q increases like
e−d20Q2/4U0 . When Q increases from 0 to 5, in our parameter range, τ only decreases by
O(10−2) and thus the change has very little effect on the viscosity. For the energy balance
case τ decreases as Q increases like e−d0Q+d20/2, therefore when Q increases from 0 to 5,
there is a change in τ of O(10−1). Note that for a shear rates up to 1 the mean stretch Q
stays below 5 (see Fig. 14), and for those values of Q the capture radius d is dominated
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by d0.
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Figure 11. Viscosity as a function of shear rate for Case III. The left figure is
for various U0 for d0 = 0.3, the right figure is for two different values of d0 for
U0 = 12. In both figures N = 2, 000.
The dependence of the viscosity at a given shear rate on the node attractive energy U0
and on the base node attractive radius d0 is explored in Fig. 11 for the force balance case
(Case III). The left figure shows the viscosity versus shear rate curves for d0 = 0.3 but in-
creasing U0. Since τ0(U0) ∝ eU0 , as U0 increases the mean lifetime at equilibrium increases
significantly and the zero shear rate viscosity increases. Furthermore, at shear rates larger
than 10 the curves are close to indistinguishable from each other. This is because when the
shear rate is larger than 10, the viscosity is mainly controlled by the reforming mechanism.
The capture radius is defined as d = min(d0, 2U0/Q). When Q is less than 2U0/d0, which
is 20U0/3 for d0 = 0.3, the min(d0, 2U0/Q) equals d0. When Q is larger than this number,
min(d0, 2U0/Q) = 2U0/Q. The change of U0 from 10 to 12 produces at most an O(10
−2)
change in d.
Figure 11 (right) shows the same scenario but with U0 = 12 and varying d0, d0 =
0.175, 0.3 respectively. Note that for this force balance scenario the parameter d0 occurs
both in the node lifetime as e
− d
2
0Q
2
4U0 and in the capture radius as d = min(d0, 2U0/Q). For
shear rate is less than 1, this changing d0 has little effect on the viscosity plateau because
this exponential form is close to 1 as mentioned earlier. When the shear rate is bigger
than 1, the mean node lifetime diverges from the value 1. For a smaller d0 the equivalent
breakage rate occurs for a larger Q, so larger γ˙. Therefore the viscosity is higher at a given
shear rate 1 < γ˙ < 10 for the smaller d0. The capture radii remain constant for γ˙ roughly
less than 10.
The analogue of Fig. 11 (left) for the energy balance scenario is shown in Fig. 12 for
the same U0’s. As in Fig. 11 the zero shear rate viscosity increases with increasing U0 and
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the viscosity curves for varying U0 are indistinguishable for larger shear rates, in this case
above 3. The steepest portion of these curves is for U0 = 12 at a shear rate of 1.
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Figure 12. Viscosity as a function of shear rate for Case IV for various U0,
d0 = 0.3. N = 2, 000.
These stretch dependent breakage and reforming scenarios, at least in these parameter
ranges, are not sufficient to yield a non-monotone apparent shear-rate control flow curve.
A non-monotone flow curve would be of interest to mimic the macroscale wormlike micellar
shear banding models’ behavior. Other studies [21, 28, 29] have considered FENE springs
as opposed to Hookean springs, and [28] considered a FENE force dependent breakage, a
much more abrupt cut-off of the chain stretch than our postulated breakage rates. In those
studies a parameter range for which the homogeneous flow curve becomes nonmonotonic
was found. In our simulations the length of chains as well as their connection configurations
change at each time step. This make an implicit scheme as in [21], the optimum scheme
for FENE springs, significantly challenging numerically.
It is interesting to investigate the distribution of the stretch of the dumbbells and of
the length of the chains at steady state and that dependence on the breaking/reforming
functional forms. For Case I, Fig. 13 top row shows the distribution of the number of
chains with L dumbbells at steady state after imposition of shear rates of γ˙=0.1, 1, 10, 100
respectively, the bottom row shows the distribution of the stretch of individual dumbbells
at steady state for the same shear rates. For these curves N = 2, 000, τ=10, d = 0.3. Fig.
14 shows the same results but for the force balance scenario, Case III.
In Fig. 13 it can be seen that the mean chain length increases as the shear rate increases,
as does the mean stretch. The increase in the number of dumbbells per chain for high shear
rates is due to the reforming algorithm as noted by [21, 23] in which stretched (longer)
chains have a higher probability of attaching to the network than unstretched chains. Fig.
13 bottom shows that dumbbells are more highly stretched as the shear rate increases with
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Figure 13. Number density of chains containing L dumbbells and the distri-
bution of stretch of the dumbbells for selected shear rates when the mean lifetime
of nodes τ and capture radius d are constant (Case I). Here N = 2, 000, τ = 10,
d = 0.3. This situation corresponds to the blue (solid circle) curve of Fig. 10.
a maximum stretch of roughly 5 for a shear rate of 0.1, and of 2,000 for a shear rate of 100.
Fig. 14 (top row), in which the mean node lifetime and the capture radius now depend
on the local dumbbell stretch according to the force balance (Case III), shows an opposite
trend for the distribution of the number of dumbbells per chain. In this case the mean
number of dumbbells in a chain decreases as the shear rate increases, with the longest chain
containing roughly 35 dumbbells at a shear rate of 0.1, 20 at a shear rate of 10, and only
8 at a shear rate of 100. The maximum dumbbell stretch also behaves differently in that
its value ranges from 5 for the shear rate of 0.1 (similar to that of Fig. 13) to 1,000 at a
shear rate of 100, much less stretched than the dumbbells of Fig. 13. These changes are
due to the stretch enhanced breakage as the local shear rate increases.
While this section has dealt with the steady state, we considered a quick look at the
time evolution to steady state. Fig. 15 shows the transient behavior of the shear stress and
of the first normal stress difference, N1, as they evolve to their steady state values. The
figures show the results for two selected shear rates γ˙ = 0.5 (left figure) and γ˙ = 10 (right
figure) for the case in which the mean node lifetime τ and the capture radius d depend on
Q as in the force balance (Case III). In these shear rate controlled simulations the shear
rate was jumped up to its final value. The corresponding steady state shear stress and
viscosity curves were shown in Fig. 11 (left), the green cross curve. The value γ˙ = 0.5
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Figure 14. Number density of chains containing L dumbbells and the distribu-
tion of stretch of the dumbbells for selected shear rates when the lifetime of nodes
τ and the capture radius d depend on Q. Here N = 2, 000, U0 = 10, τ0(U0) = 10,
d0 = 0.3. This situation corresponds to the red (dimond) curve of Fig. 10
was selected as a representative of the regime of shear rates for which the shear stress is
linearly increasing with shear rate, that is the viscosity is roughly constant. The value
γ˙ = 10 was selected as a representative of the regime in which the viscosity decreases as
the shear rate increases, that is a representative of the shear thinning portion of the curve.
For the value γ˙ = 0.5 both the shear stress and the first normal stress difference increase
monotonically in time with the shear stress reaching its steady state value earlier than the
first normal stress difference. For the value γ˙ = 10, both the shear stress and first normal
stress curves overshoot, that is first increase and then decrease to their steady state values.
This overshoot in the shear stress curve in time has been attributed, by [30], to being an
indication of shear banding, at least transient banding. It is to be noted that the overshoot
of N1 occurs at a later time than the overshoot of the shear stress. This behavior is similar
to that shown for the VCM model [9]. Those simulations identified the time of the first
normal stress difference overshoot as the same time as the maximum recoil in the formation
of the shear banding profile thus attributing that behavior to the elastic effects.
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Figure 15. The figures show the transient shear stress and first normal stress
difference N1 for two different γ˙’s. The left figure is for γ˙ = 0.5 and the right figure
is for γ˙ = 10. In both figures, U0 = 12, both τ and capture radius d are dependent
on Q with force balance and d0 = 0.3, N = 2, 000. The curves in both figures are
an average of five simulations.
8. Conclusion
In this paper a network model for breaking/reforming chains of dumbbells is developed
and is analyzed in equilibrium, under step strain relaxation, and in shear-rate controlled
homogeneous flow. The work tracks the topology of the network and in this way is similar
to [20]; however, the modeling in this paper incorporates explicit representations of the
attractive potential between the chain ends. In the two scenario considered, the breakage
and reforming are functions of the chain stretch. The stochastic model is formulated and
simulated numerically. When the breakage rate and the capture radius for reforming are
constant, the equilibrium distribution of the number of chains of L dumbbell units is a
decreasing exponential function of L. This result agrees with [16] although in that case
the breakage and reforming were continuous processes. Relaxation after a step strain, for
a mean node breakage time which is short compared to the single dumbbell relaxation
time the stress relaxation is singled exponential - despite the polydispersity of the mixture.
As the mean node lifetime increases stress relaxation is, after an initial exponential decay,
better fit by a stretched exponential. For a constant mean node lifetime and capture radius
the steady state flow curve is roughly a constant, but with a small shear thickening region.
When the mean node lifetime is a function of the local attached dumbbell stretch, the
capture radius still a constant, the shear stress shows strong shear thinning, followed by
thickening. When the capture radius is also a function of the local chain stretch, for the
range of parameters examined, the shear stress shows strong shear thinning, followed by
either no or strongly reduced shear thickening.
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